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Abstract. We relate the dynamic semantics (games, dealing with interactions)
and the static semantics (dealing with results of interactions) of linear logic with
polarities, in the spirit of Timeless Games [1].
The polarized game semantics is full and faithfull for polarized proof-nets [2]. We
detail the correspondence between cut free proof-nets and innocent strategies, in
a framework related to abstract Böhm trees.
A notion of thick subtree allows us to reveal a deep relation between plays in
games and Girard’s experiments on proof-nets. We then define a desequentializing operation, forgetting time in games which coincides with the usual way of
computing a result of interaction from an experiment. We then obtain our main
result: desequentializing the game interpretation of a polarized proof-net yields
its standard relational model interpretation (static semantics).

Introduction
Denotational semantics interprets a program (a proof or a λ-term) as a structure representing all its possible interactions (via cut elimination or via β-reduction) with others
programs. In static semantics only the result of the interaction is represented. In dynamic semantics (games) an interaction is fully represented by a sequence (play) of
actions (moves) of the program (the Player) and the environment (the Opponent).
There are many references for game semantics. For an introduction, see [3]. In this
paper, we use Hyland-Ong style polarized games [4]. In such games, a move can justify
itself by pointing to a preceding move. Laurent proved that polarized game semantics is
full and faithful [2], for the proof-nets of LLpol the polarized fragment of linear logic
(expressive enough to encode simply-typed λ-calculus).
Proof-nets have been introduced together with linear logic [5] as a more parallel
syntax than sequent calculus. Experiments on proof-nets (see ([6] for an extensive
study) provide the same denotations as the categorical interpretation of the corresponding sequent calculus proofs. The static interpretation of a proof-net is the set of results
of experiments on this proof-net.
The comparison between static and dynamic semantics is strongly motivated by
Ehrhard’s result ([7]) stating that the extensional collapse of sequential algorithms (a
⋆
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game model) is the hypercoherences semantics (a static semantics). In [8], by introducing a suitable game semantics (extensional games), P.-A. Mellies gives a fine-grained
analysis of this result which better details the extensional content of games.
We focus here on providing a simple mathematical framework suitable for a direct
extraction of the static semantics from the dynamic one.
The relational model is the generic static semantics of linear logic, in the sense
that the others are generally derived from this one by introducing new ingredients (like
various coherence relations, see [9]). In that very simple semantics, formulæ are sets
and proofs are relations.
A naive approach to the comparison is to consider
Syntax
an operation D which maps a play (an interaction) to
games D static semantics an element in a set of results, as in Figure 1. The diffiplay
result
culties are then: (i) to build a static semantics with sets
Fig. 1. Projection D
of results (a natural candidate is the relational model);
(ii) to turn D into a logical map, i.e. such that the diagram commutes for proofs.
This approach is successfully used in [1], by introducing a new static semantics,
the (bi)-polarized pointed relational model, and in [10], by introducing a new game
semantics, bordered games where plays explicitly carry results of interactions.
In this paper, we clarify the relation between syntax, static and dynamic semantics,
without using models specially designed for the purpose of the projection. We introduce
a desequentialization D of justified plays, for which the source is Laurent’s polarized
games, and the target is the standard relational model of linear logic. The desequentialization maps a play to the tree of its justification pointers (which is a thick subtree of
the formula, see below).
The desequentialization introduced here may be used in future works to push some
properties of game semantics through the time forgetful projection D or conversely to
pull some conditions of the static semantics at the games level.
In polarized games, proofs are interpreted as finite innocent strategies. Such strategies can be presented as finite trees of Player’s views. Trees of P-views are particular
instances of abstract Böhm trees ([11,12]). When it comes from the interpretation of a
proof, a tree of P-views can be thought of as an abstract presentation of the Böhm tree
of a simply typed λ-term. (Pointers represent variables binding).
Since the polarized game semantics is full and faithful, trees of P-views are in a
bijective correspondence with cut free polarized proof-nets of the same type. By analyzing the shape of cut free proof-nets, we detail this correspondence Ψ in a very direct
way (comparatively to [2]). To do so, we restrict ourselves to the additive free fragment
MELLpol of LLpol. This minimize the complexity of the definition of proof-nets, at a
low cost, since additives can (almost) be encoded in MELLpol.
Here is a sketch of the correspondence Ψ . Obviously, the Reader unfamiliar with
proof-nets and games will find the definitions in the body of the paper.
A tree of P-views φ is a finite tree tφ , together with two more datum: a naming fφ
of nodes by moves (a node is an occurrence of a move) and a relation ← φ on nodes
specifying justification pointers between moves.
A MELLpol proof-net π is also a finite tree Tπ (the tree representing the nesting of
!-boxes) but together with: a labeling Rπ of nodes by flat proof structures (which are
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Fig. 2. Desequentialization

finite oriented graphs with pending edges) and a structure (Sπ , Bπ ) relating flat proof
structures to each others (the frontiers of the !-boxes).
When π is in normal form (cut free) and φ is the strategy interpreting π, the correspondence Ψ establishes a tree isomorphism between Tπ (the !-boxes tree) and the
tree of P-views tφ . Moreover each flat proof structure of π has a very particular shape:
it only consists of one combined positive connective (a tensor of of course) and one
combined negative connective (a par of why not) together with edges connecting them
or going through the frontiers of !-boxes. Through Ψ , moves of tφ correspond to these
combined connectives and pointers are just another way to draw the connecting edges.
We introduce in Section 1 the core ingredient of the paper: the notion of thick subtree, a generalization of the usual notion of rooted subtree. We use thick subtrees both
at the term level and at the type level. The desequentialization relates the two levels.
Type level (Section 2). A MELLpol formula A can be thought of as a tree: its arena
in games. The desequentialization of a play in A is a particular thick subtree of A. And
there is a (bijective) encoding of thick subtrees of A into the set of results of type A.
Term level (Section 3). Thick subtrees are used at the term level both to represent
experiments in proof-nets and to express the intrinsic dynamic of plays of a strategy.
The desequentialization D factors into a negative part D− followed by a positive
part D+ (Fig.2). If p is a play in an innocent strategy φ then D− (p) is a thick subtree s
of tφ . Conversely, any thick subtree t of tφ can be lifted into many plays in φ. This is
just a matter of extending the tree order of s into a well-shaped total order. Intuitively,
the tree order of s corresponds to the internal dynamic of the program (positive/Player)
that one will find in any interaction between this program and an environment. The
new part of the order is then provided by the environment (negative/Opponent) during
a possible interaction.
An experiment e in a proof-net π is just a thick subtree s of Tπ , together with an arbitrary valuation v of axioms. By extending the correspondence Ψ between proof-nets
and trees of P-views to their thick subtrees, we show that the positive desequentialization D+ of s (together with v) is the result of the experiment e. This proves that the
desequentialization is a functor which maps a finite innocent strategy (a set of plays) to
the static interpretation of the corresponding proof-net.
Figure 2 sketches the full picture we then obtain.
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1 Trees and thick subtrees
(1.a) Trees. Let us recall some basis definition about trees. A finite tree t is a partial order (It , ≤t ), where It is a finite set, called here the indexing set, having a least element
(the root), and such that if a ≤t c and b ≤t c then a ≤t b or b ≤t a. In the sequel, trees
will all be finite. The associated precedence relation is denoted by <1t (so a <1t b means
that a <t b and a ≤t c ≤t b =⇒ c = a or c = b). Hence the sons of a node a are the
nodes b such that a <1t b. An ordered tree is a tree together with, for each node a, a
total order <a on the sons of a.
(1.b) Thick subtrees. A tree morphism f :
(d, 0) (c, 0) (d, 1) (d, 2)
c d
t → t′ is a function f : It → It′ which maps
′
b e the root of t to the root of t and such that if
(b, 0)
(b, 1)
1
1
π1
a <t b then f (a) <t′ f (b). An ordered tree
−→
morphism
is a tree morphism preserving the
a
(a, 0)
order on sons. A thick subtree of a tree t is a
Fig. 3. An example of thick subtree
tree s together with a tree morphism f : s → t.
The terminology is reminiscent from the fact that different nodes of s can be mapped to
the same node of t. Typically, in Figure 3, the l.h.s. tree together with the first projection
function, is a thick subtree of the r.h.s. tree. Observe that when f is injective, s is just
a non empty rooted subtree of t (up to an explicit renaming of nodes). A thick subtree
morphism between two thick subtrees (s, f ) and (s′ , f ′ ) of a (same) ordered tree t is a
tree morphism g : s → s′ such that f ′ = f ◦ g. If there exists an injective thick subtree
morphism g : (s, f ) → (s′ , f ′ ) then (s, f ) is less than (s′ , f ′ ). This defines an order on
thick subtrees.
(1.c) Re-indexing. In this paper, indexing sets are irrelevant: we work on trees, sequences, ordered trees and thick subtrees up to isomorphism (for the respective notions
of morphism). A concrete representation of ordered trees is given by the grammar:
t := (t1 , . . . , tn ) (an ordered tree is a tuple of ordered trees.) We also use the following
convention for indexing an ordered tree. The indexing set It is a set of words of integers. The root of t is the empty word ε and if w is a node having n sons, then these sons
are w · 1, . . . , w · n, in that order. The tree order on It is then the prefix order. More
generally, a set of words defines a tree (by prefix closure).

2 Types
Formulæ of multiplicative exponential linear logic with polarities (MELLpol) are given
by:
N := ?X ⊥ | ⊥ | N ` N | ?P

(negative formulæ)

P := !X | 1 | P ⊗ P | !N

(positive formulæ)

with the usual De Morgan laws for the orthogonal (−)⊥ and where X is any element of
a given set of atoms V. Here, as in [2], atoms (X, X ⊥ ) are not formulæ. This restriction
is necessary for obtaining the faithfulness of the game semantics. For the same reason,
MELLpol proof-nets (see Section 3) require the introduction of a flat (♭) modality which

5

does not belong to MELLpol and which can be thought of as a why not (?) modality,
in semantics. The flat notation is used here to ensure that the introductions of ? in a
proof-net are postponed as late as possible.
(2.a). The relational interpretation of a formula A is a countable set, denoted |A| and
called the web of A. The web of A⊥ is always the same as the web of A. The web
of 1 (and the web of ⊥) is the singleton set {∗}, (this set is intended to be the neutral
element of the Cartesian product of sets, so ∗ shall be thought of as a notation for the
empty tuple). The web of A ⊗ B (or of A ` B) is |A| × |B|. The web of !A (or of
?A) is the set of finite multisets of elements of |A|. For each atom X ∈ V, an arbitrary
enumerable set is chosen as web (both for X and its orthogonal). For convenience, we
also set |♭A| = |?A|.
To avoid some bureaucratic aspects, we will work on MELLpol up to associativity
and neutrality of multiplicatives. In the relational model, this amounts to working up to
associativity of the Cartesian product and neutrality of {∗}.
2.1

Arenas and the desequentialization

An arena A is a labeled ordered finite forest together with a polarity: positive or negative. For the game semantics of MELLpol, we restrict ourselves to finite trees. The
labeling function is denoted αA . The labels of leaves are elements of V ∪ {∗} and the
labels of other nodes are all equal to ∗.
The polarity of the arena is extended to moves by choosing the polarity of the arena
for the root and by saying that two successive nodes have different polarities. This
corresponds to the usual Player/Opponent polarity as follows: positive corresponds to
Player and negative to Opponent.
Basically, in MELLpol, the arena associated with a formula A is the syntactic tree of
this formula, up to associativity and neutrality of multiplicatives and where exponentials
shift polarities.
(2.b) Arena of a formula. Let A be a formula. The arena
111+ 112+ (X)
of A is defined as follows. The polarity of the arena as11− 21− (X) 22−
sociated to A is the polarity of the formula. The tree of
⊥
A and of A are equal. The tree of 1 or of an atom X
1+
2+ 3+
is the tree reduced to one node: (). If t is the tree of N
then (t) is the tree of !N . If (t1 , . . . , tp ) is the tree of P
ε
and (t′1 , . . . , t′q ) is the tree of P ′ then the tree of P ⊗ P ′
Fig. 4. The arena of N0
is (t1 , . . . , tp , t′1 , . . . , t′q ). We adopt the canonical localization of ordered trees on arenas. The labels are chosen such that the label of a node
coming from an atom X or X ⊥ is X and the labels of the others nodes are ∗. Conversely, every arena is the arena of a unique formula. We further identify arenas and
formulæ. Figure 4 shows the arena of N0 = ?!(?1 ` ?X ⊥ ) ` ?(!X ⊗ !⊥) ` ?1 with the
relevant part of the labeling.
(2.c). In the arena of a formula A, each sub-formula of A corresponds to a move. Two
sub-formulæ can correspond to a same move a, but, for each move, there is a maximal
sub-formula F (a) of A corresponding to a. For instance, the first occurrence of ?1 in
N0 corresponds to the move 11, but F (11) is ?1 ` ?X ⊥ .
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(2.d). A legal justified tree (LJT, for short) on A is a finite tree (I, ≤) together with a
labeling function f : I → IA and a pointing relation ← such that: (i) (I, ←∗ , f ) is a
thick subtree of A; (ii) ≤ extends the order ←∗ (i.e. ←∗ ⊆ ≤); and (iii) <1 alternates
between positives and negatives. We consider that polarities extend to elements of I
by saying that the polarity of a ∈ I is the polarity of f (a). So the set I is the disjoint
union of a set of negative nodes I − and a set of positive nodes I + . Observe that (ii)
implies that ← alternates between I − and I + (as <1 ). The notion of LJT encompasses
the game notion of legal play. A legal play is a LJT where (I ≤) is a total order.
(2.e). Observe that a LJT t has two tree structures (It , ≤t ) and (It , ←∗t ). We implicitly
generalize some notions on trees (e.g. thick subtrees and prefixes) to LJT by considering
that (It , ≤t ) is the tree of the LJT t. If t is a LJT, a thick subtree (It′ , ≤t′ , g) of (It , ≤t )
inherits a LJT structure (←t′ , ft′ ) from t by setting: ft′ = ft ◦ g and if a ≤t′ b and
g(a) ←t g(b) then a ←t′ b.
Definition 1. The desequentialization D(t) of a LJT t = (I, ≤, ←, f ) on an arena A
is just the thick subtree (I, ←∗ ) of A.
(2.f). A thick subtree (t, f ) is equitable when t has as many positive nodes as negative
nodes. Observe that the thick subtree associated with an even-length, legal play is equitable. Conversely if a thick subtree (t, f ) of an arena A is equitable then there exists a
total order extending t into an even length legal play. (Proof by cases on the number of
leaves and internal nodes of t of each polarity).
(2.g) Valuation (atoms). Let A be a formula. Let (t, f ) be a thick subtree of A. A
valuation v of (t, f ) is a partial labeling of nodes of t given by the choice of an element
x of the web of X, for each node a of t such that αA (f (a)) = X (in that case f (a) is
a leaf of A and a is a leaf of t). When f (a) is a leaf of A and αA (f (a)) = ∗ we set
v(a) = ∗. So, each node a of t such that f (a) is a leaf of A and no other is labeled.
A result of type A can be seen as a concrete representation of a valuated thick subtrees of A. This representation commutes to the orthogonal. An element x of |X| (resp.
∗ ∈ |1|), is simply the unique thick subtree of the tree (), together with the valuation
mapping its unique node to x (resp. ∗). Let a = ([a11 , . . . , a1n1 ], . . . , [ak1 , . . . , aknk ]) be
an element of |P | where P is !N1 ⊗ . . . ⊗ !Nk (Ni can be an atom). For each 1 ≤ i ≤ k
and for each 1 ≤ j ≤ ni , aij is an element of the web of Ni , so aij represents a valuated
thick subtree (tji , fij , vij ) of Ni . The valuated thick subtree represented by a is then the
tree (t11 , . . . , tknk ) (seen unordered) together with: the function f mapping its root to the
P
P
root of the arena of P and equal to fij on the other nodes; and the valuation vij .

Proposition 2. Let A be a formula. The set VTST(A) of valuated thick subtrees of A
is equal to the web of A.
Direct, by induction on A. So, the desequentialization of a legal play on A together
with a valuation is an element of the web of A.

3 Terms (proof-nets)
(3.a). A flat proof structure R is a finite directed graph, built using links of Figure 5,
with at least one pending outgoing edges, called the conclusion edges. A label of an
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edge is either a formula, positive (P , Q) or negative (N , M ) or an atom (X) or its
orthogonal (X ⊥ ), or a flat formula ♭F , where F (or G) is either a positive formula or
the orthogonal X ⊥ of an atom (so F ⊥ or G⊥ is either a negative formula or an atom
X). When connecting two links by an edge, the two labels of the edge must match.
Polarities of MELLpol forP Q
N M
♭F
♭F F
mulæ extend to labels as fol⊗
1
`
⊥
?
lows. Atoms X are negative,
♭
♭F their orthogonal are positive
P ⊗Q
1
N `M
⊥
?F
and flat formulæ are negative.
In a link, an outgoing edge is
ax.
!
F ⊥ ⊥F
a conclusion and an incom!G⊥
♭F1
♭Fn
⊥ ⊥
ing
edge is a premise. In a !cut
X
X
link, the edge labeled !G⊥ is
Fig. 5. Links of flat proof structures
the front conclusion and the
others edges are the auxiliary conclusions. There is one !-link (resp. ?-link) for each
natural number of auxiliary conclusions (resp. premises). For ?-links and !-link the ordering of incoming and outgoing edges is irrelevant (to remind it we draw them with a
double line).
Observe that R is acyclic, because for each link, the label of each conclusion is
strictly bigger than the label of each premise.
(3.b) Correctness criterion. A flat proof structure R is correct if: (i) the graph obtained
(starting from R) by inversion of every edge with a positive label is acyclic; and (ii)
either R contains no flat link (♭) and has exactly one positive conclusion, or R contains
exactly one flat link and has only negative conclusions [13].
(3.c). A !-box (RL , BL ) for a !-link L is a correct flat proof structure RL together with a
one to one correspondence BL between the conclusion edges of RL and the conclusions
of L such that: the conclusion labeled !G⊥ of L (its front conclusion) is the image of a
conclusion edge of R labeled by G⊥ ; and the other edges’ labels are preserved.
Definition 3. A proof-net π is a finite tree T and three labeling functions R, S, B of
nodes of T such that:
– for each node n of T , R(n) is a correct flat proof structure and S(n) is a one to
one correspondence between the sons of n and the !-links of R(n);
– if n′ is a son of n in T then (R(n′ ), B(n′ )) is a !-box for the !-link S(n)(n′ ).
We do not make any requirement on the label f (r) of the root r of π: this label is
just here to ease the writing of the definition and it can be safely forgotten.
Observe that, if n is a node of a proof-net π = (T, R, S, B) and if Tn is the maximal
subtree Tn of t with root n, then πn = (Tn , R|Tn , S|Tn , B|Tn ) is a proof-net.
The conclusions of a proof-net are the conclusions of its root’s flat proof structure.
A MELLpol proof-net is a proof-net where conclusions are not atoms or flat formulæ.
We do not describe the cut elimination procedure on LLpol proof-nets [13].
3.1

Relational semantics

(3.d). An experiment on a flat proof structure R is a labeling function e on edges of R
such that:
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– if a is a conclusion of an axiom link introducing an atom X, and if its other conclusion is b then e(a) = e(b) and e(a) ∈ |X|;
– if a is the front conclusion of a !-link and b1 , . . . , bn are the auxiliary conclusions,
labeled respectively by !N , ♭F1 , . . . , ♭Fn then for each i, e(bi ) is a multiset of points
of |Fi | and e(a) is a multiset of points of |N |;
– if a is the conclusion of a 1-link or of a ⊥-link then e(a) = ∗;
– if a1 and a2 are the first and the second premises and a is the conclusion of a ⊗-link
or of a `-link then e(a) = (e(a1 ), e(a2 ));
– if a is the premise and b is the conclusion of a ♭-link then e(b) = [e(a)];
– if a1 , . . . , an are the premises and b is the conclusion of a ?-link then e(a1 ), . . . ,
e(an ) and e(b) are multisets and e(b) = e(a1 ) + . . . + e(an );
– if a is a premise of a cut link, and if its other premise is b then e(a) = e(b).
Observe that e(a) is always an element of the web of the label of the edge a.
An experiment on a flat proof structure can be considered as a choice of labels for
axiom links and !-links which satisfies the constraint e(a) = e(b) on cut links, when
propagated by other links.
(3.e). If R has only negative conclusions and if e is an experiment on R then r(e),
the result of e, is the family a 7→ e(a) indexed by conclusions of R. This notion of
result extends to any flat proof structure R′ and to any experiment e′ on R′ by setting
r(e′ ) = r(e) where e is an experiment on a flat proof structure R defined as follows. If
R′ has a positive conclusion we add below a ♭-link. Then, for each conclusion of type a
flat-formula we add below a unary ?-link. The resulting proof structure is R and there
is a unique extension of e′ into an experiment of R which is e.
(3.f). Experiments on proof-nets and their results are defined inductively on π as follows. If the root of π is the flat proof structure R then an experiment eπ on π is an
experiment e on R together with, for each proof-net πv associated with a !-link v of
R, a multiset [e1πv , . . . , ekπvv ] (kv ∈ IN) of experiments on πv which satisfies the following. If a is the front conclusion and b1 ,. . . ,bn are the auxiliary conclusions of v
Pkv 1,v
and if, for each i, the result of eiπv is (xi , νi1,v , . . . , νin,v ) then e(b1 ) = i=1
νi , . . . ,
Pkv n,v
e(bn ) = i=1 νi and e(a) = [x1 , . . . , xkv ]. The result r(eπ ) of eπ is the result of e.
Hence on a proof-net, an experiment consists of two choices: (i) a copying choice
for !-boxes, inductively given by: taking one copy of the root of π and, for each !-link
of the root, choosing an arbitrary finite number of copies of the proof-net above, then
starting again for each of these proof-nets; (ii) a choice of labels for axioms links in
each (copy of) flat proof structure which have been selected during the first choice.
Once propagated, these choices have to obey to the only constraint of equality of labels
on cut links.
Observe that the first choice (i) is just the choice of an arbitrary thick subtree of Tπ
and that there is no constraint on (i) and (ii) when there is no cut link.
(3.g). To summarize, in this paper, an experiment on a cut-free proof-net π is given
by: a thick subtree s of Tπ ; together with, for each axiom link in s introducing an atom
X, the choice of an element of the web of X. We call this last choice a valuation of
axioms.
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(3.h). The result of an experiment on a MELLpol proof-net π with only one conclusion
N is an element of the web of N . The relational interpretation of a proof-net π is the
set of results of experiments on π, for all possible experiments.
3.2

Cut free MELLpol proof-nets

In this section, we describe and simplify the structure of
cut free proof-nets. We start by introducing two simplifications, there will be a third one.

ax.
♭
⊥
♭X
|{z}

X
|{z}
(3.i). First, we work with multiplicative connectives up to neu+
−
trality and associativity. In flat proof structures there are trees
of tensor links and 1-links with front conclusions of !-links
Fig. 6. Axiom’s case
above. We identify maximal such trees, called ⊗-trees, to links
(drawn with a triangle). The same for trees of `-links and ⊥-links with ?-links above
(`-trees).
Second, we only consider MELLpol proof-nets with only one negative conclusion.
If needed we can always transform a (cut free) proof-net into such a MELLpol proofnet by adding well chosen links to the flat proof structure at its root (the same way as
in §3.e).
Observe that, if the conclusions of a cut free proof-net are known (before simplification) then we can recover this proof-net from its simplified version.

Let π be a (simplified) MELLpol cut
!G⊥

1
!


free proof-net. We detail the shape of the

⊗



flat proof structures contained in π. Let R
!
 P
!G⊥
p
be a flat proof structure of π. We will see +
♭F11
♭Fk11

♭

that there are two cases: one with exactly

♭F1p
♭Fkpp



one axiom-link (Fig. 6) and one without

 ♭P
axiom (Fig. 7).
Each flat proof structure occurring in
σR

π is either in a !-box or at the root of


π. Hence R has conclusion edges labeled


♭F1′
♭F1′ ♭Fq′
♭Fq′


♭F1 , . . . , ♭Fk and exactly one negative con


?
?

clusion edge e− labeled G⊥ (the only con
′
?F1
?Fq′
−
clusion if R is at the root of π).



According to the correctness criterion

`



(§3.b), R has only one ♭-link L♭ . Since
♭F1
♭Fk


N


this is the only link which has a positive
premise and a negative conclusion, all the
links with positive conclusions must be
Fig. 7. What is in the box?
above L♭ in R. Here are the two cases: (i)
either the premise of L♭ is the (positive) conclusion of an axiom link Lax. and there is no
other link with some positive conclusions in R; (ii) or the premise of L♭ is the conclusion of a ⊗-tree t⊗ (possibly reduced to an edge or to a 1-link) with front conclusions of
!-links above and there is no other link in R introducing a positive formula (we already
found the unique ♭-link).
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In the first case, the axiom also introduces a negative atom X which cannot be the
premise of any link. So, R has no other link than L♭ and Lax. (in particular, R is a leaf
of π).
Now the second case. The conclusion G⊥ is a MELLpol formula N (if G⊥ was an
atom X then there will be an axiom introducing it in R). Above the edge e− , labeled by
N , there is a `-tree t` with ?-links above. There is no other !-link introducing negative
conclusions than the above mentioned. If there was one, this would be a ♭ formula
(because we already found the G⊥ conclusion) but flat formulæ are only introduced by
♭-links (there is only one, L♭ ) and !-links (another one than the above mentioned will
also introduce a positive conclusion). Since the premises of the ?-link are ♭ formulæ they
have to be chosen among the conclusion of L♭ or of the !-links. The others conclusions
of these last links which are not premises of ?-links are the conclusions ♭F1 , . . . , ♭Fk
of R. So there is a pairwise connection σR of: the conclusion of t⊗ and the auxiliary
conclusions of the !-links with: the premises of the ?-links and the conclusions of R
different from e− .
The third simplification we consider is the following. Observe that the !-links occurring in a flat proof structure R of a cut free proof-net π are totally ordered by mean
of the ordering of premises of the unique ⊗-tree of R. As a consequence, rather than
using S for matching !-boxes with !-links, we consider Tπ as an ordered tree where the
ordering of sons of a node n is the same as the ordering of the !-links of R(n). (This
cannot be done in a canonical way when there are cut links).
3.3

Game semantics

In polarized games, a MELLpol proof-net of conclusion A is interpreted as a finite
balanced total innocent strategy in the arena A, called further a MELLpol strategy.
In the sequel, we restrict ourselves to a negative type (the extension to positive types is
easy).
(3.j). A Player’s view (P-view for short) is a legal play s such that if si <1 sj and sj is
an Opponent’s move then si ← sj (the Opponent always points to the last move).
Traditionally a strategy is a set of legal plays satisfying some properties (e.g. prefixclosure, determinism). Composition of strategies is then defined pointwise on legal
plays: two interacting legal plays are interleaved and, in the resulting sequence, the
part on which the plays have interacted is hidden. We do not recall all the definitions
of game semantics and polarized games. It is well known that, when a strategy is innocent, all its legal plays are determined by its P-views. This allows for an alternative
description of innocent strategies which only uses P-views which we next relate to the
traditional presentation (§3.k and Prop. 5).
Definition 4. A finite innocent strategy φ in a negative arena A is an even prefix-closed
set of P-views which is finite and deterministic: the longest common prefix of every two
elements of the set is of even length. We further consider φ as the prefix tree of its
P-views regarded, as a particular LJT (tφ , ←φ , f ) (in which every branch is a P-view).
(3.k) Traditional presentation. The set of legal plays P (φ) associated with a finite
innocent strategy φ on A is the smallest set such that: (i) the P-views of φ are in P (φ);
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(ii) if there is a visible legal play s · ab such that s ∈ P (φ) and v + (s · ab) is a P-view
of φ then s · ab ∈ P (φ). Observe that P (φ) is an even-prefix closed set of visible even
length legal plays which is not, in general, finite.
(3.l). When (I, ≤, ←, f ) is a LJT, we further consider the following relations: the
Player’s pointers ←+ = ← ∩ (I − × I + ); the Opponent’s pointers ←− = ← ∩ (I + ×
I − ); the Player’s precedence <+ = <1 ∩ (I − × I + ); the Opponent’s precedence
<− = <1 ∩ (I + × I − ); and the Player’s order: (<+ ∪ ←− )∗ . The Player’s order on I
is still a tree because ←∗ ⊆ ≤.
(3.m). A LJT is visible when its Player’s order contains the Player’s pointers.
(3.n). The negative desequentialization
112+ 3+
3+
D− ((s, ←s )) of a visible LJT (or play)
∗
21− 22−
is the LJT (Is , (<+ ∪ ←−
s ) , ←s ). Each
22−
branch of this tree is a P-view. The view
2+
2+
112+
function v + maps visible legal plays to
−
11
11−
−
P-views: a legal play s with last move
21
1+
a is mapped to the unique branch of the
+
2
ǫ−
tree D− (s) with leaf a. The positive de−
+
(b)
D
(p)
sequentialization D is defined dually,
11−
by reversing the roles of Player and Op2+
112+
ponent, on co-visible LJTs (the dual notion of visible LJTs). We will only use
11−
11− 11− 21− 22−
D+ on the image of D− where all LJTs
2+ 2+ 3+
1+
1+
are co-visible (because the Opponent always points to the last move). On LJTs
ǫ−
ǫ−
the desequentialization D factors through
(c)
D(p)
(a) p
D− and D+ , moreover D and D+ coincide on the image of D− . So, for a visible
Fig. 8. Desequentialization of a play p
legal play s,
D(s) = D+ (D− (s)) = D(D− (s)).
Figure 8(a) shows a legal play p in the formula N0 (of Fig. 4) which is visible (but
not co-visible). If the Player’s move 112 was set to point to the second occurrence of 11
(from bottom to top) then the play would not be visible. Figure 8(b) shows the negative
desequentialization of p and Figure 8(c) achieves the desequentialization.
(3.o). If a LJT t is such that each Opponent’s move has exactly one son then its compact
presentation is itself but where, in the tree (It , ≤t ), each pair of successive nodes
a <+ b is regarded as one node (a, b). An even thick subtree t of a finite innocent
strategy φ is a thick subtree of φ such that each Opponent’s move has exactly one son
(so, t is given by an arbitrary thick subtree of the compact presentation of φ). The set of
even thick subtrees of φ is denoted ETST(φ).
Proposition 5. Let φ be a finite innocent strategy. If s is a legal play of φ (ie s ∈
P (φ)) then D− (s) is an even thick subtree of φ. Conversely, if t (together with a tree
morphism f ) is an even thick subtree of φ then any total order ≤s on It which extends
+
≤t and preserves the Player’s precedence of t (i.e. <+
s =<t ) uniquely defines a legal
play (It , ≤s , ←t , ft ) which is an element of P (φ).
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Fig. 9. Example

Proof by induction on the cardinal of s (resp. t).
(3.p). A finite innocent strategy φ in a negative arena A is: total when for each Player’s
move a of φ, the sons of a in φ are all the sons of a in A; balanced when for each
Opponent’s move a, if b is the son of a then a and b are mapped to the same label by
αA . A MELLpol strategy is a balanced total finite innocent strategy.
3.4

Proof-nets and strategies

Let N be a negative formula. A MELLpol strategy φ in N , together with N , uniquely
−1
defines a cut free MELLpol proof-net π = ΨN
(φ) as follows.
Figure 9 gives an example of the construction for the type N0 (of Fig. 4).
The tree Tπ is the tree of the compact presentation (§3.o) of φ, so the Opponent’s
pointers (§3.l) give the tree order of Tπ . This relation will also gives the correspondence
Sπ between !-boxes and !-links (it is drawn with double lines in the figure). Totality of
φ (§3.p) ensures that every !-link has an associated !-box. Each pair of moves (n− , n+ )
associated with a node n partially defines a flat proof structure R(n) as follows. If
αN (n− ) = αN (n+ ) is an atom X, R(n) is a flat proof structure consisting of: one
axiom introducing X with a ♭-link n(♭) connected to its conclusion X ⊥ (as in Fig.6).
Otherwise αN (n− ) = αN (n+ ) = ∗ (since φ is balanced) and R(n) is a partial flat
proof structure, similar to the one of Fig. 7. The maximal sub-formula F (n− ) of N
(§2.c) determines a `-tree n(`) with, for each of its premises a1 , . . . , aq , a ?-link Wi
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of conclusion ai . The premises of these ?-links are yet unknown. The maximal subformula F (n+ ) of N defines a ⊗-tree n(⊗) with: for each of its premises b1 , . . . , bp , a
!-link with principal conclusion bi ; and a ♭-link n(♭) having the conclusion of the n(⊗).
The auxiliary doors of the !-links and the permutation σRn are not yet defined. In the
partial proof-net we then obtain (Figure 9(b)), we still represent the Player’s pointer: if
−
n+
1 points to n2 and if F (n1 ) occurs in F (n2 ) at place i then we draw an edge from
n1 (♭) to the ith ?-link Wi above n2 (`).
Next, we slice the pointers to reconstruct the missing edges of the flat proof structures, by working inductively on tφ , from leaves to root. When n(♭) points to a ?-link
Wi above n(`) we draw an edge from the conclusion of n(♭) to Wi . Otherwise n(♭) is
a conclusion of Rn . It is then passed as an auxiliary door to the associated !-link L of
the flat proof structure below n: a conclusion edge is drawn from the actual source of
the pointer, and this source is changed into L. It is passed again, until the source of the
pointer is in the same flat proof structure as its target, a ?-link. We then draw an edge
from the source to the target of the pointer. At the end of this process we obtain π.
Conversely, let π be a cut free proof-net of conclusion N . We construct φ = ΨN (π)
as follows.
We define a labeling Mπ of the edges of the flat proof structures of π by moves of
N . Intuitively this labeling is just a way to identify the occurrences of sub-formulæ of
N to the places where they are created in the proof-net π. The (unique) conclusion edge
of π is labeled by the empty word (the root of N ). Going upward through a ?-link, a
♭-link or through a !-link and its associated !-box do not change labels. If L is a ⊗-tree
or a `-tree and w is the label of its conclusion then its k premises are labeled w · 1, . . . ,
w · k (in that order).
We use Mπ to associate to each node n of π an ordered pair made of one Opponent’s
move n− and one Player’s move n+ . For a flat proof structure containing one axiom
(Fig. 6) this is respectively the move labeling the negative conclusion and the move
labeling the positive conclusion of the axiom. For a flat proof structure without axiom
(Fig. 7) this is respectively the move labeling the conclusion of the `-tree and the move
labeling the conclusion of the ⊗-tree.
The tree Tπ equipped with the labeling Mπ will be the compact presentation of
−
φ. The pointing relation ←φ is not yet defined. We first set n+
1 ←φ n2 each time
+
−
+
−
+ +
−
1
n1 <φ n2 (that is, each time (n1 , n1 ) < (n2 , n2 ) in the compact presentation of φ).
Each flat proof structure Rπ (n) associated to a node n of π contains a unique flat link.
We denote ♭(n) its conclusion edge. There exists a unique chain n1 <1π . . . <1π nk = n
in π such that
Bπ (n2 )(. . . Bπ (nk )(♭(n)) . . .)
+
is the premise of a ?-link of n1 . We set n−
1 ←φ n . We then obtain φ.

3.5

Experiments and strategies

The detailed correspondence between proof-net and strategies shows that a thick subtree
of a cut free proof-net π of N can be regarded as an even thick subtree of the corresponding strategy φ = ΨN (π) (and conversely). But an experiment in π is just a thick
subtree of Tπ together with a valuation of axioms (§3.g). We now define valuations
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of axioms directly in games, to obtain a notion of experiment on MELLpol strategies.
The correspondence ΨN then extends into a one to one correspondence between experiments in π and experiments in φ = ΨN (π) and that allows to show that the result
of a proof-net’s experiment is the desequentialization of the corresponding strategy’s
experiment.
(3.q) Valuation of axioms (2). If (t, f ) is an even thick subtree of φ (equivalently, an
element of P (φ), §3.k) then a valuation of axioms in (t, f ) is the choice, for each pair
a <+
t b such that αN (a) = αN (b) is an atom X, of an element of the web of X.
The set of valuated thick subtrees of φ is denoted VETST(φ) and the set of valuated
legal plays of P (φ) is denoted V (P (φ)). Proposition 5 extends into a correspondence
between these two sets.
Even thick subtrees of a strategy inherit the labeling by moves and pointers from
the strategy (§2.e). We do the same for thick subtrees of proof-nets. If (t, g) is a thick
subtree of Tπ then we define three labeling functions Rt , St and Bt on t as follows.
For each node n of t, Rt (n) is a copy of the flat proof structure Rπ (g(n)). If n <1t n′
then Sπ (g(n))(g(n′ )) is a !-link L of Rπ (g(n)) which has a corresponding copy Lc
in Rt (n). We set St (n)(n′ ) = Lc . The one to one correspondence Bt (n′ ) between
conclusions of Rt (n′ ) and conclusions of Lc is then simply a copy of Bπ (g(n′ )).
Lemma 6. Let N be a negative MELLpol formula, ΨN extends into a one to one correspondence between the experiments on π and the experiments on ΨN (π). Moreover,
if e is an experiment on π then the valuated thick subtree D+ (ΨN (e)) is the result of e.
The extension of ΨN is straightforward, because the condition that the functions
Sπ (n) are one to one in the definition of proof-nets (Def. 3) is not necessary to make ΨN
work. But one needs to be careful for the slicing of Player’s pointers when reconstruct−
←+ n+
ing a proof-net experiment e. If there are two pointers n− ←+ n+
2
1 , and n
+
+
such that n1 and n2 correspond to the same node in the strategy φ then, when going through the same partial flat proof structure R, these pointers define in R the same
edge a (from a !-link to a ?-link or a conclusion) rather than two edges. This identification corresponds to a sum of multisets in the label e(a). There is a labeling of pointers
of ΨN (e) which coincides with e on sources of pointers. It is then easy to check that
D+ (ΨN (e)) is the result of e.
As an immediate consequence of this last Lemma we have:
Theorem 7. If π is a MELLpol proof-net of negative conclusion N , then the relational
interpretation of π is the set D+ (VETST(ΨN (π))) = D(V (P (ΨN (π)))).
This result proves that the desequentialization (together with valuations) defines
a logical functor from polarized games to the relational model. By using techniques
presented in [9], D can be composed with a functor forgetting some results, to obtain a
logical functor from polarized games to coherence spaces or to hypercoherences.
The results presented here extend to the full fragment of LLpol with sliced proofnets [14]. The use of additives can be restricted to the outermost flat proof-structure (the
root), by using the type isomorphism !(N & M ) = !N ⊗ !M and the distributivity laws
of linear logic (leaving unchanged the semantics). The only work left is a generalization
of the present work from trees to forests.
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An extension to full linear logic (without polarity constraint) is more problematic at
least because of the arbitrary complexity of cut-free flat proof-structures.
Since the desequentialization D provides good results for the game semantics of
MELLpol, we hope that it can be applied to others game semantics, for instance for
languages with imperative features, in order to obtain static semantics of these syntaxes.
A corollary of Theorem 7 is that all the results of experiments are equitable. This
property, coming from alternation of moves in plays, surely allows for narrowing the
relational model to equitable results. Other properties of plays, such as visibility, seem
harder to capture on the side of the relational model.
Another direction to look at is the faithfulness of the relational model. Factoring the
interpretation through abstract Böhm trees by mean of thick subtrees allows for a more
combinatoric approach of this long standing conjecture [6].
The author thanks the anonymous referees for their comments on improving the
readability of this paper.
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